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abstract class Iterable[El] {
  def map[NewEl](x: El <z NewEl): Iterable[NewEl] = É

}

abstract class Iterable[El, Coll[T] <: Iterable[T, Coll] ] {
  def map[NewEl](x: El <z NewEl): Coll[NewEl] = É

}

class List[El] extends Iterable[El, List]
(new List[Int]).map{x => ÒaÓ} : List[String] // was: Iterable[String]
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… <z …

* → * → *

Kinds : Types : Values
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Scala
OO  �  FP, happily married

• Values are objects (fun’s = values = obj’s)

• Abstraction (value- & type-level)

• FP: parameterisation

• OO: abstract members

• Concretisation (value- & type-level)

• FP: application

• OO: compose with concrete members
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• Pattern matching: extractors [Emir et al, Thu@tech.track]

• Encode Haskell’s type classes: implicits

• Module system

• object = module

• class = signature 

• mixin composition

Scala
OO  �  FP, happily married
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Other paradigms

• Actors: Erlang-style concurrency [Haller et al.]

• DSL’s as libraries: flexible syntax, closures, 
implicits 

• (small) Prolog library (full code)
val append = new Predicate;
append('X :: 'Xs, 'Ys, 'X :: 'Zs) :- append('Xs, 'Ys, 'Zs)
append('nil, 'Xs, 'Xs)!

• Parser combinators
or:

7

val p = ÒletÓ ~ ident ~ Ò=Ó ~ expr ~ ÒinÓ ~ expr

http://scalasvn.epfl.ch/cgi-bin/viewvc.cgi/scala-experimental/trunk/src/prolog/Prolog.scala?view=markup
http://scalasvn.epfl.ch/cgi-bin/viewvc.cgi/scala-experimental/trunk/src/prolog/Prolog.scala?view=markup
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• (small) Prolog library (full code)
val append = new Predicate;
append('X :: 'Xs, 'Ys, 'X :: 'Zs) :- append('Xs, 'Ys, 'Zs)
append('nil, 'Xs, 'Xs)!

• Parser combinators
or:

7

val p = ÒletÓ ~ scope >> {s => bound(ident)(s) ~ Ò=Ó 
~ expr ~ ÒinÓ ~ in(expr)(s)}

http://scalasvn.epfl.ch/cgi-bin/viewvc.cgi/scala-experimental/trunk/src/prolog/Prolog.scala?view=markup
http://scalasvn.epfl.ch/cgi-bin/viewvc.cgi/scala-experimental/trunk/src/prolog/Prolog.scala?view=markup
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More concretely
(in Scala)
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(x: Int) => x*2

Function1[Int, Int] Function1
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• Kinds that classify type constructors
• [X1@K1, É,  Xn@Kn ] → K classifies T 
• if K classifies T[X1, É, Xn] under the 
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• [X1@K1, É,  Xn@Kn ] → K classifies T 
• if K classifies T[X1, É, Xn] under the 

assumption that Ki classifies Xi

• More complex example:
• class OrderedSet[T <: Ordered[T]]

• OrderedSet : * → *
• OrderedSet : X@*(Ordered[X]) → *

Kinds in Scala,
conceptually (3/3)
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Subkinding

TowardsEqualRightsfor Higher-kindedTypes 9

returnssomepropertype.However, IterableÕssecondtypeparameterÑ Container
Ñ is expectedto beof kind * → *, i.e., it shouldbea typefunctionthatacceptsany
type. Clearly, OrderedSet doesnotrespectthiscontract:it only dealswith typesT that
areasubtypeof T <: Ordered[T].

On the value level, this would correspondto supplyinga function of type, say,
String ⇒ Any whena function of type Any ⇒ Any wasexpected:the latter may
be appliedto any argument,whereasthe former only acceptsStringÕs. This is why
String ⇒ Any is not a subtype of Any ⇒ Any. Correspondingly, we saythatT@*(
Ordered[T]) → * is nota subkind of * → *.

Luckily, theseboundscanbeaccommodatedfromthestart.Thisversionof Iterable
abstractsover theupperboundof its elements:

trait Iterable[El <: Bound[El], Bound[_], Container[T <: Bound[T]]] {
def map[NewEl <: Bound[NewEl]](f: El ⇒ NewEl): Container[NewEl]
def flatMap[NewEl <: Bound[NewEl], NewContainer[T <: Bound[T]]](
f: El ⇒ Iterable[NewEl, Bound, NewContainer]): Container[NewEl]

def filter(p: El ⇒ Boolean): Container[El]
}

trait OrderedSet[T <: Ordered[T]]
extends Iterable[T, Ordered, OrderedSet]

Note that this versionstrictly generalisesthe previous one,aswe may instantiate
Bound to the trivial upper-bound,Any. Note thatÑ for convenienceÑ Any is Òkind-
overloadedÓ:it is the top typefor all well-kindedtypes.(Likewise,Nothing is a sub-
typeof everywell-kindedtype.)

2.7 Subkinding

In this sectionwe make the notion of subkinding moreprecise.The similaritieswith
subtypingarestriking.

Subkindingfor thekindsthatclassifypropertypes,simplycorrespondsto subtyping
the correspondingbounds.Type boundswith lower boundS andupperboundT are
subsumedby typeboundswith aÒlowerÓlowerboundandaÒgreaterÓupperbound:

! ! S ′ < :S
! ! T < :T ′

! ! ∗ (S , T ) < : ∗ (S ′ , T ′ )
K_SUB_STAR

For our dependentfunction kinds, [ x1@K1, .., xn@Kn ] → K, mattersbe-
comeslightly morecomplicated.Sucha functionmaybepassedwhenever a function
thatacceptedÒfewerÓargumentsandreturnedÒworseÓresultswasexpected.Morepre-
cisely, [ x1@K1, .., xn@Kn ] → K is a sub-kindof [ x1@K’1, .., xn@K’n ]
→ K’ if their argumentkindsvary contravariantly (K’i <: Ki), wherebothKi and

K’i maycontainthefreevariablesxi thatdenotethetypethey classify, andif, assum-
ing theÒbestÓkind K’i for thattypeargumentxi, theresultkindsbehavecovariantly.

10 Adriaan Moors, Frank Piessens, and Martin Odersky

! ! K ′
i <:Ki

! , Xi : K ′
i ! K <:K ′

! ! [X1 @K1 , ..,Xn @Kn ] → K <: [X1 @K ′
1 , ..,Xn @K ′

n ] → K ′ K_SUB_ARR

Note that — modulo the syntax — this rule is identical to the rule for subtyping
dependent function types [2].

2.8 Kind assignment

The rules that define the well-formedness of types in a single-kinded language, corre-
spond to the rules that assign a kind * to a type. Parametric polymorphism essentially
adds two more forms of types that may be well-kinded: type abstractions and type ap-
plications.

A type that abstracts over types T1 to Tn to yield a type T, which may contain ref-
erences to the Ti, receives the kind T1 @ K1 → ... → Tn @ Kn → K if T has the
kind K under the assumption that the Ti have kind Ki. Applying such a type abstraction
to n type arguments Si with kind Ki again results in a type with kind K (with a suitable
simultaneous substitution of the type parameters).

Finally, saying that a type has “a” kind is slightly misleading, as well-kinded types
have many kinds. This is due to our — somewhat non-standard — approach of tracking
bounds in the *-kind, so that all of the following hold:

Int : *(Nothing, Any)
Int : *(Nothing, Int)
Int : *(Int, Int)

At this point, it is unclear what the impact of this feature is on the meta-theory of
the underlying calculus. Intuitively, we consider it an elegant way of keeping the levels
of types and kinds as similar as possible. “is-of-type”-constraints on values correspond
nicely to “is-subtype-of” constraints on types, therefore we model both as classification
by a meta-entity.

Furthermore, the “singleton” kind *(Int, Int) seems an interesting way to ex-
press “exact types” — types that are not subject to subsumption. We have yet to explore
their applications in detail, but the interaction with virtual classes seems promising.

Until now, we have only used the functional style of abstraction and application, that
is, using type parameters. Scala’s abstract type members closely correspond to type pa-
rameters, and abstract type member refinement (a restricted form of mixin composition)
is the object-oriented counterpart of type application. Abstract type member refinement
allows to override abstract type members with concrete ones. The rules for application
and abstraction carry over straightforwardly to this approach. In fact, via this corre-
spondence, Scala already provided limited support for type constructor polymorphism
before our extension.

Towards Equal Rights for Higher-kinded Types 25

user_syntax ::=
| index
| termvar
| typevar
| vlab
| tlab
| t
| p
| T
| m
| M
| K
| Γ
| formula
| terminals

Γ ! T1 <: T2 T1 is a subtype of T2 in context Γ

Γ ! K1 <: K2 K1 is a subkind of K2 in context Γ

Γ ! S ′ <: S
Γ ! T <: T ′

Γ ! ∗ ( S , T ) <: ∗ ( S ′ , T ′ )
K_SUB_STAR

Γ ! K ′
i <: Ki

Γ , Xi : K ′
i ! K <: K ′

Γ ! [ X1 @K1 , ..,Xn @Kn ] → K <: [ X1 @K ′
1 , ..,Xn @K ′

n ] → K ′ K_SUB_ARR

Γ ! T1 $ T2 T1 is structurally equal to T2 in context Γ

Γ ! T : K T has kind K in context Γ

Γ ! T : K
Γ ! K <: K ′

Γ ! T : K ′ KIND_SUBSUME

Γ ! T $ T ′

Γ ! T ′ : K ′

Γ ! T : K ′ KIND_STRUCT

Γ , Xi : Ki ! T : K
Γ ! [ X1 : K1 , ... , Xn : Kn ] → T : [ X1 @K1 , ..,Xn @Kn ] → K

K_TABS

Γ ! T : [ X1 @K1 , ..,Xn @Kn ] → K
Γ ! Si : [ Xi %→ Si ] Ki

Γ ! T [ S1 , .. , Sn ] : [ Xi %→ Si ] K
K_TAPP

Surface syntax Impact of higher-kinded types on syntax is minimal:
FormalT ::= Id [FormalsT] [’>:’ Type] [’<:’ Type]

12
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Subkinding
trait Iterable[ T, Coll[T] <: Iterable[T, Coll]]

Iterable : [ *, C@([ T@*] → *(Iterable[T, C])) ] → *
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trait OrdSet[ T <: Ordered[T] ] extends Iterable[T, OrdSet]

OrdSet : [ T@*(Ordered[T]) ] → *(Iterable[T, OrdSet]))
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Bounded Iterable

14

trait Iterable[T <: Bound[T], Bound[_]] {
  type Container[x <: Bound[x]]
  
  def map[S <: Bound[S]](f: T => S): Container[S] 
  def ßatMap[S <: Bound[S]](f: T => Iterable[S, Bound]): Container[S] 
  def Þlter(p: T => Boolean): Container[T]
}

trait OrderedSet[T <: Ordered[T]] extends Iterable[T, Ordered] {
  type Container[x <: Ordered[x]] = OrderedSet[x]
}
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Past, present & future

• (Studied encodings in Scala 2.4, ported Haskell DGP approaches to Scala)

• Implemented type constructor polymorphism in 
Scala 2.5
• known limitation: no higher-kinded type inference

• Current focus

• formalisation

• applications 

• Iterable, Parser Combinators, Frescala

• Future work

• type-level computation

15
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Questions?

Thank you!
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Examples

• Iterable (see also: paper)

• Unifying Parser & UnitParser

• Scrapping Scala’s nameplate

17
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// the "dual" of Iterator
trait Builder[Container[_], El] {
  def +=(el: El): Unit
  def finalise(): Container[El]
  
  def using(op: this.type => Unit): Container[El] = 

{op(this); finalise()}
}

trait Buildable[Container[_]] {
  def builder[T]: Builder[Container, T]
  
  def fromIterator[El, NewEl](elems: Iterator[El])

(op: Builder[Container, NewEl] => El => Unit): 
Container[NewEl] 

    = builder.using{ b => elems.foreach(op(b)) }
}

18
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trait Iterator[+El] {
  def next(): El
  def hasNext: Boolean
  def foreach(op: El => Unit): Unit = while(hasNext) op(next())
}
trait Iterable[+El] { type Container[+X] <: Iterable[X]
  def elements: Iterator[El]

  def mapTo[NewEl, NewContainer[_]](f: El => NewEl)
      (implicit b: Buildable[NewContainer]): NewContainer[NewEl] 
   = b.fromIterator(elements){ builder => el => 
                                     builder += f(el) }  
 
  def filterTo[NewContainer[+X]](p: El => Boolean)
      (implicit b: Buildable[NewContainer]): NewContainer[El] 
   = b.fromIterator(elements){ builder => el => 
                                     if(p(el)) builder += el}

  def flatMapTo[NewEl, NewContainer[X]](f: El => Iterable[NewEl])
      (implicit b: Buildable[NewContainer]): NewContainer[NewEl] 
   = b.fromIterator(elements){ builder => el =>
      f(el).elements.foreach{ el => builder += el }
    }
}

19



/16

Combinator Parsers
val p = ÒletÓ ~ ident ~ Ò=Ó ~ expr ~ ÒinÓ ~ expr

ÒletÓ, Ò=Ó, ÒinÓ : UnitParser

ident : Parser[Ident]

expr : Parser[Expr]

p: Parser[Ident ~ Expr ~ Expr] // no keyword-noise 

To achieve this, UnitParser and Parser[T] are 
completely separate (they each define ~, etc.)

20
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  abstract class Parser[T <: B, B] extends (Input => ParseResult[T]) {
    type SeqWith[x, y]
    type Seq[U <: B, B, SW[_, _]] <: NextB[B]
    type NextSW[SW[_, _], x, y]  
    type NextB[B]

type SeqParser[U <: B, B, SW[_, _]] 
      = Parser[Seq[U, BB, SW], NextB[BB]]{type SeqWith[x,y]= Parser.this.NextSW[SW, x, y]}

    def makeSeq[U <: BB, BB](other: Parser[U, BB])
          (f: Input => ParseResult[Seq[U, BB, other.SeqWith]]): SeqParser[U, BB, other.SeqWith]
  }
  abstract class AnyParser[T] extends Parser[T, Any] {
    type SeqWith[x, y] = Pair[x, y]
    type Seq[U <: B, B, SW[_, _]] = SW[T, U]
    type NextSW[SW[_, _], x, y] = Pair[x, y]
    type NextB[B] = Any

    def makeSeq/*...*/ = new AnyParser[Seq[U, BB, SW]]{ def apply(in: Input) = f(in) }
  }
  abstract class UnitParser[T <: Unit] extends Parser[T, Unit] {
    type SeqWith[x, y] = x
    type Seq[U <: B, B, SW[_, _]] = U
    type NextSW[SW[_, _], x, y] = SW[x, y]
    type NextB[B] = B

    def makeSeq/*...*/ = other.makeSame(f) 21
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import scala.collection.mutable.ListBuffer

trait Widgets {
  class MyWidget {
  
  }
}

trait Placeables {
  class Extent

  trait Placeable {
    type Self
    val self: Self
    def measure: Extent
  }
}
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trait WidgetsArePlaceable requires (Widgets with  Placeables 
                                                       with  WidgetsArePlaceable) {
  implicit  def MyWidgetIsPlaceable(w: MyWidget): Placeable = new 
Placeable { 
    type Self = MyWidget; val self = w
    def measure: Extent = error("not impl")
  }
}
trait Layout {  
  trait LayoutEngine requires (Placeables with  LayoutEngine) {
    private val placeables = new ListBuffer[Placeable]
    def +=(p: Placeable) = placeables += p
  
    def solve {
      extents = (for(p <- placeables) yield p.measure)
      // ...
    }
  
    private var extents: Iterable[Extent] = _
  }
}


